Answers to Problem Set

1) Denote the bivariate probability density function (population) for X and Y by f(x,y).
Let f(x,y) equal x +y for {0<X<1} and {0<Y<1}, zero otherwise. Find the marginal
distributions for X and Y (population), respectively. Please denote them by fi(x) and

fy(y).

The marginal distribution for X equals £f (x,y)dy. Therefore, fx(x) = ﬂ(x +y)dy=

2
y
Xy +=—

{0<Y< 1}, zero otherwise.

1

= (x +%J for {0<X<1}, zero otherwise. By symmetry, fy(y) = (y+%) for

0

2) Using the same bivariate probability density function (population), find the
covariance (parameter) between X and Y.

For covariance requires the following moments: E(XY), E(X), and E(Y).
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E(X) = EX X+%jdxz .E(x2+%jdx= [%3+X72]
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E(Y) also equals % by symmetry.

2
1 1 . .
Therefore, C(X,Y) = 3 [%J = a2’ by the covariance and variance theorem.

3) Continuing with the same definitions of X and Y, define W; = 6 + 12X + 24Y. Find
the variance (parameter) of Wy.

IfW=a+bX+cY, V(W)=b>V(X) + ¢*V(Y) + 2bcC(X,Y) by the theorem for linear

functions. From the previous problem, C(X,Y) = —ﬁ and E(X) =E(Y) = % To find

the variance of X and the variance of Y, you additionally need E(X?) and E(Y?).
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E(Y?) = % by symmetry. Therefore, V(Y) = V(X) = %_(%) — %

If W, = 6 + 12X + 24Y, then V(W) = 122£+242£+2-12-24(—Lj =51.
144 144 144

4) Define W, =12 + 12X —24Y. Find the covariance (parameter) of Ws.

IF W, = 12+ 12X — 24Y, then V(W») = 12—+ 242 1L 4010 c24)[ - | = 50.
144 144 144

5) Find the covariance (parameter) between Wy and W,.

If W1 =a + b1X + ClY and W2 =a + bzX + CQY, then C(W1,W2) = bleV(X) + C1CzV(Y)
+ (bicy + bac)C(X,Y) by the theorem for a pair of linear functions.
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C(W1,Wa) = 122 424 (= 24)— +[12- (= 24)+12-24] - — | =33
(W1, W2) g P 1224 ]( 144}

6) Find the correlation coefficient (parameter) between Wy and W.

c(wW,w,) _ -33

P, = = =~ 0.6016.
JV(W)V(W,)  51x59




